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INTERACTION OF STRESS WAVES WITH CURVILINEAR TUNNEL CRACKS
OF LONGITUDINAL SHEAR IN A HALF-SPACE

L.A. FIL'SHTINSKII

A steady wave process 1s considered in the half-space with tunnel-like curvilinear
cracks under conditions of antiplane deformation. The ensuing boundary value problems
are reduced to singular integro-differential equations which are realized numerical-
ly. If the crack tip reaches the half-space boundary, the kernel of the integro-
differential equation contains, besides a moving singularity of the Cauchy type, a
fixed singularity, and this singificantly affects the pattern of longitudinal shear
stress wave fields. This case is the subject of detailed investigationbelow. Cert-
ain singularities of such wave processes are pointed out, and the results of calcul-
ations of the dynamic stress intensity coefficient are presented.

Stresses in bodies subjected to pulsed loading were considered in /1/. Various dynamic
problems of the theory of elasticity in the case of media with a rectilinear slit appeared in
/2,3/, and methods of calculating electromagnetic wave diffraction and scatter are presented

in /4/.

1. Statement of the problem. Consider the half-space &,>>0 containing K curvilin-
ear tunnel-like cracks L; parallel to the z; axis (Fig.l a). Let the half-space boundary = 0
be either free of forces (stress 1T, =0 at &, - 0) or constrained (displacement w 0 at
z5 = 0), a load harmonic in time Z,* =- Re(e® Z%) be specified at the edges of L;,and let
a monochromatic wave of longitudinal shear

wy -~ Re (790 W), 72 = wleg, ¢ = VY plp (1.1)
Wy == Texp [—iys (z; cos By — 2 sin f)l, T = const

where o is the angular frequency, ¢, is the propagation velocity of the shear wave, p and p
are the shear modulus and density of the medium material w, is the elastic displacement along
the z; axis, and f,5 0 1is the angle between the normal to the wave front and the r, axis,
emanate from infinity.

We assume that the load (variation) amplitude Z* = —Z~ == Z satisfies on L -={] [; the
Hblder condition, and that L; are simple nonintersecting smooth Liapunov arcs with H8lder con-
tinuous curvature /5/.

The singular field of longitudinal shear stress generated by external forces is expressed
in terms of displacements by formulas /6/

=R g, Tw=pae,  w=Rele ! (W | W) (1.2)
UV 4yt — 0

The quantity W, is defined in (1.1), and W defines the perturbed wave field which sat-
isfies one of the indicated above boundary conditions at the half-space boundary and, also,
on L a boundary condition of the form

ol @ + 9 A 1E 7z
e‘WLTQ(I'V'+P1’o)} +e—“1’[d—g(W—{— Wo)] =+, (eL (1.3)
where the upper sign relates to the left-hand crack edge (when moving from its tip g; to tip
bj), and Y is the angle between the positive normal to the left-hand edge at point { and the
I, axis.
Generalizing /7/, we represent the unknown function Win the form

W (@1, 22 =\ p (O[5 H (72r) — A HY (yar) | d — (1.4)
)

1 a a . =
P @[5 Y () — A H () | i — AW
L
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Wy = 1 expl— iys (1 c08 e — 23 sinPy)), r=]z2—} =]z~
2t i), Tl tiug) (=

I T 2
where p (L) ={p; ({), L& L;)} are the unknown functions, H,"(z) is a Hankel function of order
v, A =1 in the case of constrained half-space and A4 = —1 for a half-space with Dboundary
zy =0 free of forces, and { is a gquantity complex conjugate of {. Usingthe readily derived

formulas o v w

< —1ne 1

ET;Hf,”(w):(-——-:2~> e CHY (vryy T=]z2— 2] (1.5)

7 fo

%ﬁ HP (yry= (-- —}-) " HY (yr),  a=arg(z — 20

'z

a2
dz 87

Hf,‘) (yr) = — "Y’;: Hf)” (yr), z2=a1 + ixe, Zo= 110 -} iTe0

it is possible to show that relations
(1.4) satisfy the Helmholtz  equation
{1.2) with related conditions at infin-

ity (2, =-+on), when A =1 giving auto-
matically the conditions of constraints
w (2, 0,1) =0, and when 4 = —1 the con-

dition Tau(xy, U, ) = 0.

Fig.l

2. Integral equations of the boundary value problem (1.3) in the case when
cracks do not reach the half-space boundary. Differentiating function Wof (1.4) us-
ing formulas (1.5), we obtain

W 4 dp(® o aw

7=m§ t T SP(W‘I(C’ ds— A+ (2.1
aw T R aw

T T T Im Su T_z ——§p(g}1£2(§,o}ds—‘ o

K2 = % eV AHY (yars) + Hy (yor) %) —
%i EVHD (yar) -+ AHP (yary) 29
K 2)= ﬂ;si e HS (o) + AHP (yary) £ —
Bgi ¢ LH  (yar) &8 4+ AHP (yary)]
Hy (yor) = % + HP (o), a=arg(z—1L), o=arg(z—10)

where ds is an element of arc of contour of L,

Integration by parts was used in the derivation of formulas (2.1), which in this case is
Justified.

Indeed the displacement jump on L is

AW = W+ — W~ = 2 py(0), te= Ly (=1, ...,k (2.2)
from which under the condition that cracks do not reach the half~space boundary we have
pilay) = pAbiy =0 G=1,..,k (2.3

where a; is the beginning and b; the end of a crack L;.

Passing in formulas (2.1) to limit values as z-» {, & L and substituting them in boundary
conditions (1.3), after some transformations we obtain

Sp'@)g(t» Ce)derSp(Z;)G(C, Loy ds =N (Lo) {2.4)
L L

G (L Lo} == Ezli [AHP (varso) cos ( + bo) — HE? (varo) cos (hp— o) -+
Ha (yaro) €08 ( - o — 200) — AHE (yar10) cos ( — o + 20ts0)]
PoO=28 r=jt-t re=|G-I|
oy = arg (Lo — ), a0 = arg (& _‘2)1 Yo=% (L), & Lo =L
where
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ei¥e

g, Go)—lm—g (2.5)

and in the case of a half-space constrained along its boundary iz, =0 and of a free half-space
we, respectively, have

A=1,NQG)=n [ZT - Tyz €Xp (— iaT10 €OS Py) (e sin BT + e-tvesin B7)) (2.6)

A=—1, N{G)=mn [ZT - Tiye exXp (— iy2&10 COS By) (2.7)
(ei% cos B + eWo cos BT}, BE = vx5 sin B, + Py
In (2.4) the kernel G (§, {») has a logarithmic singularity, and kernel g (g, §,) consists
of a singular term (the Cauchy kernel) and of a term which cannot have more than a weak sing-

ularity /7/. Consequently, (2.4) represents a singular integro-differential equation with
respect to function p’'({). It must be supplemented by conditions of the form

]

(=1..,k (2.8)

N ey
=
o
&
I
<

The system of Egs.(2.4) and (
stated boundary value problem.

.8) enables us to fully determine the solution of the

3. The half-plane with a crack reaching the boundary w«;=0. Let the begin-
ning of the crack (point 4«) lie on the boundary of the half-space (Fig.l, b). In that case
formula (1.4) remains valid. When passing to limit in formulas (2.1) a nonintegrable singu-
larity appears at point z == [ == a. Hence we represent them

oW 1 (4 dp (£
= et Z"US = S © K €, z) ds +- -1
L L
p (a) 1 A aw
250 (aaz + n—z>—A dzl ’
oW 1 dp (§) A4 ¢ dp(d) y
S S e R LCLCE L
L L L
p@ (1 A 4
Pz <¢7—2 + a—f)__A 2

Kernels K, (g, 2) and K, (i, z) are obtained from K, ({,z) and K:({, z), respectively, by sub-
stituting in the two last function Hy(yer:) for H® (yor)).

Substituting limit values of derivatives in (3.1) as z— o & L into the boundary condi-
tion (l.3) we obtain, after transformations the singular integro-differential equation in p {0
of the type (2.4), where

o e
g(C,Co)=Im[—§i:§T+AZT§—] (3.2)

where H, (yirio) appears instead of Hy® (yary) -

For the constrained and free half-spaces we have, as previously, formulas (2.6) and (2.7),
respectively. It was taken into account in the derivation of this equation that in the case
of constrained half-space p (a) = 0.

Formula (3.2) shows that the first term in kernel g ({, {,) has a moving singularity of
the Cauchy type, while the second term has a fixed singularity at point {= Lo = a. The
kernel G({, {,) has a logarithmic singularity.

To find the order of the density singularity p’({) at the crack tip «a, we set

dp P ) _ .
p’(C)=K'——W’ Imo=0, O0< o<t (3.3)
where function ¢ ({) & H on arc la, b).

Using the well-known formulas for asymptotic values of integrals of the Cauchy type on
the integration line /5/, we obtain

Sp (C)Tm t; dS—cpl(Co)— (‘;))(, ctg no (3.4)

9 () cos[2(s —1)p(a))

)
—a)® sinns

{r @i

) s ds—(P2(§0)+

where 1V (a) is the value of §({) at point {=4ea, and functions ¢; (£) can have at point § ==a
a singularity that is weaker than ({ — @)7°. Substituting Eq.{3.4) into Egs.(2.4) and (3.2},
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multiplying the left- and right-hand sides of the obtained equality by ({, —a)°, and passing
then to limit as {,-—a, we obtain the equation

A cos[2 (0 —1) ¥ (a)] — cosno =0 (3.5)
The analysis of solution of this equation in the case of A4 =1 vyields
o=19(@) @+ 72" 0KV (@ <2, 6=y(a)p(a) — a2, —2<p @< (3.6)
There are no solutions of Eq.(3.5) in thecaseof A = —1 which satisfy the condition

0<<o<< 1.

Thus, if the half-space is constrained along the boundary z, = 0 and the crack tip a reaches
the boundary, the density p’ ({) has at point @& a power singularity of order o0 ,which is determined
by formulas (3.3) and (3.6). Obviously 0 < o << !/, If, however, the half-plane boundaryis free
of forces, function p'({) is bounded at the tip a.

4. Asymptotic values of stresses at the crack tip. If the crack doesnot reach
the boundary z; = 0, the density P’ (§) nas at the tip a singularity of the square root type /8/.
Let us set

’ Qo ’ §
L=C00) Lo=L(Bo) —1<B Bo< 1,y p(:)=————s,(w‘f’7w, SH=m>0, REHeHI-1,1] (4.1
“'*‘ 6+ s;,“; H
Y\ /| ;
2 5 2 T3 H
4 27 TS
4 // il _—"
' 1 2
1 1 =0~ g [ s —— ql
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Taking advantage of the behavior of the Cauchy type integrals, appearing in (2.1) in the
neighborhood of the ends of the integration line L /5/ and using formulas (4.1) and (1.2), we
obtain the following asymptotic values of stresses in the crack tip neighborhood:

Tig — iTgg =

Ft oxp[ - (e — 29 (1) — 4.
T Vmexp[ FCEn—20(£ 1) — 28)] x (4.2)
Relei@ (1), & (£1)=35

r=\{z—c|, 8 =arg(z—c)

B=x1

where the upper sign relates to the crack tip ¢ =5 and the lower to the tip ¢ =a.
Along the continuation beyond the crack tip we have

pe VLD
Vors (£1)
Tn="T13€08 P (= 1) + Togsin P (1) = Tfﬁi)— Re[e-iotQy(4-1)]

Tyg ~— iTog ==

Re [e=¢1Qq (4= 1)] (4.3)

Thus the highest shear stress occurs on the small area of crack extension beyond its tip.
The dynamic stress intensity coefficient is determined by the formula /3/

k==Y 2ar 1, =p Vﬁﬂ Re [e-0!Qy (1)) (4.4)

Let us now consider the case when the crack tip a reaches the half-space z, = 0. If the
boundary is constrained, then, according to the method of singular solutions /3/ in the sector
of acute angle, stresses T3, Tz3 are finite, while in the complementary sector they have a
power singularity whose order o is defined in (3.6). When the crack reaches the constrained

boundary at a straight angle, or the boundary is free of forces, stresses at point a are fin-
ite.

5. Results of calculations. We considered a parabolic crack whose parametric equa-
tions are t=pib, Es=pa+ PP, —1<B<1 (5.1)
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The integral equation (2.4) was reduced, with (4.1) and (5.1) taken into account, to a
system of linear algebraic equations in terms of function &, (f) at the interpolation nodes in
conformity with the procedures in /9/. Results of calculations are shown in Figs.2-—4.

The dependence of a* = p|Q (1) [/(ZVI (1)) (Fig.2)and of &+-=argQ, (1) (Fig.3) on the variable

g = v.2¢/4 (I is the crack half-length} for the case tv=0, Z=0, p,=131. Curve 1 corresponds to
po=1,4= —1,p=1005 curve 2 to p,=1,4= —1,p=1; and curve 3 to p,=1,4=1.p - 1,
Curve 4 relates to a "straight" crack in an unbounded medium (p = 0.05,4 = 0). For comparison

data from /10/ are shown there by small circles.

When the quantities at, 8+ are known it is possible to calculate the dynamic intensity
coefficient k; using formula

ky = ZV nla* cos (ot — &%)

The dependence of ay* ={Q, (1) [VU@ Vs (1)) (solid lines) and §+= argQ, (1) (dash lines) on ¢
are shown in Fig.4 for thecase of Z=10,15+0,p;=1, , with p,=a/ly,, p=10% 4 =1 (curves I)
py = /(2ys), p=10"%, 4 = —1 (curves 2), and py==n/y,p=1,4=1 (curves 3). The dynamic in-
tensity coefficient is in this case calculated using formula

ky = uv ¥V allay* cos (ot — 8,%)

The above data show the substanial effect of crack length on coefficient k.

The actuality of dynamic problems of the theory of elasticity of the half-space was point-
ed out by A.A. Il'iushin at the All-Union Conference on the Theory of Elasticity (Erevan',
1979) in connection with detection of defects.

The author thanks A.T. Gumennyi for assitance in numerical calculations.
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